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Abstract

Ordinal Priority Approach (OPA) is an optimization-based multi-attribute decision-making
method that determines the weights of experts, attributes, and alternatives from ordinal rank-
ings. To clarify its underlying structure, I first develop an equivalent formulation of OPA by
mapping alternatives to rank indices. The resulting constraints explicitly involve rank order
centroid (ROC) weights, showing that OPA can be interpreted as maximizing a weight dispar-
ity scalar in a ROC-weighted normalized decision space. Building on this equivalence, I then
propose Generalized Ordinal Priority Approach (GOPA), an estimate-then-optimize bilevel
framework that replaces fixed ROC utilities with utilities learned from partial preference
information. At the lower level, I instantiate GOPA with minimum relative utility entropy
(GOPA-RUE), in which expert-attribute marginal utility densities are elicited by combin-
ing a reference utility density (e.g., risk-aversion or S-shaped structures) with moment-type
deterministic comparison constraints. Under this formulation, the optimal density admits
an exponential-tilting, breakpoint-induced piecewise form and can be computed through a
tractable linear-system reformulation, while regularized (nonnegative) least-squares correc-
tions are used to address elicitation inconsistencies. At the upper level, once utilities have been
elicited, the decision weights and the optimal disparity scalar admit closed-form solutions,
yielding an efficient algorithm. Based on these results, I further establish the decompos-
ability of the optimal weights and provide sensitivity analyses with respect to constraint,
ranking, and utility perturbations. Finally, a Zhengzhou 7.20 emergency supplier selection
study, together with ablation and perturbation experiments, demonstrates the flexibility and
robustness of GOPA-RUE under limited and noisy preference information.
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1 Introduction

In the past decades, multi-attribute decision-making (MADM) has been regarded as an effec-
tive tool for addressing complex decision problems, adept at tackling challenges such as
objective conflicts, data diversity and high uncertainty (Resende et al., 2023). A classical
problem involves selecting an optimal alternative or obtaining a global ranking from a set of
alternatives under multiple attributes based on multi-expert opinions. More specifically, for a
given expert set Z, attribute set .7, and alternative set /I, the evaluation score Vj of alternative
k € K can be determined by a mapping F : RZ*IJ1 1 R that has an associated collection
of the weights for experts w; and attributes w:

Ve=F@o) =) > wiwjvijk,

ieT jeJ

where v; i is the performance score of alternative k under attribute j given by expert i. Typ-
ically, much of the research is based on precise weights of experts and attributes obtained
through sophisticated heuristic methods (Zayat et al., 2023). Meanwhile, some studies have
emerged to elicit weight through incomplete information, which is often referred to as impre-
cise or partial preference information, to address challenges such as inadequate data and
domain knowledge, and limitations in DMs’ attention and information processing capabili-
ties within the time constraints (Ahn, 2024). Of course, if DMs can provide all the information
required to solve the MADM problems, prior (sophisticated) methods based on precise data
is recommended.

1.1 Related literature

Current methods for weight elicitation under incomplete preference information mainly fall
into two categories: optimization-based approaches and extreme point-based approaches.
The former aims to model and solve the optimal set of weights under the constraints of
incomplete preference information (Kim and Ahn, 1999; Malakooti, 2000; Wang et al., 2007).
Conversely, the latter capitalizes on the extreme points within incomplete data to ascertain
weights (Ahn, 2015, 2017, 2024). Some research have suggested an evolving synthesis
of these two approaches. Within optimization-based approaches, the DEA-based preference
voting model, which incorporates partial preference information in a ratio scale, is prevalently
employed (Wang et al., 2007). Correspondingly, Ahn (2017) derives a closed-form expression
for the optimal solution of the DEA-based preference voting model by imposing the weight
constraints from the extreme points of partial preference information. Furthermore, Ahn
(2024) derives a dual problem of linear programming to obtain closed-form solutions and
establish a strict ranking of extremal points of attribute weights. Additionally, a prevalent
weight elicitation approach involves rank-based surrogate weights for weight elicitation,
where each rank-based surrogate weight is uniquely represented by a set of extreme points
(Burk and Nehring, 2023). Llamazares (2024) proposes explicit expressions of weights based
on various simplex centroids in ranking voting frameworks inspired by specific simplex
centroids of rank order centroid (ROC) weights.

Ordinal Priority Approach (OPA) is an optimization-based value function method for
addressing the MADM under incomplete information (Ataei et al., 2020). OPA derives
weights from a normalized weight space with ordinal preference using linear programming,
simultaneously determining weights for experts, attributes, and alternatives. OPA is appli-
cable to both group and individual decision-making. Compared to typical inputs in other
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MADM methods, such as cardinal values and pairwise comparisons, ordinal data is more
accessible to obtain and more stable (Wang, 2025). Unlike traditional methods, OPA avoids
the need for data standardization, expert opinion aggregation, and prior weight acquisition.
Additionally, various extensions of OPA have emerged, such as fuzzy OPA (Sadeghi et al.,
2023; Zhao et al., 2024), rough OPA (Du et al., 2023; Kucuksari et al., 2023), grey OPA
(Mahmoudi et al., 2021), robust OPA (Mahmoudi et al., 2022a; Mao and Wang, 2026), and
distributionally robust OPA (Cui et al., 2025b) for handling decision data uncertainty, DGRA-
OPA (Wang, 2024) and TOPSIS-OPA (Mahmoudi et al., 2022b) for addressing large-scale
group decision-making, partial OPA (Wang et al., 2025) for managing potential Pareto dom-
inance, and DEA-OPA (Mahmoudi et al., 2022a; Cui et al., 2025a) for relative efficiency
analysis with subjective preference. Consequently, OPA has garnered increasing attention
recently and has been applied across various domains, including sustainable transportation
evaluation (Pamucar et al., 2022), supplier evaluation (Mahmoudi et al., 2021; Mahmoudi and
Javed, 2022), blockchain analysis (Sadeghi et al., 2023; Zhao et al., 2024), project portfolio
selection (Mahmoudi et al., 2022a), and emergency recovery planning (Wang, 2024).
Existing approaches to weight elicitation under incomplete preference information, partic-
ularly OPA, largely neglect the role of DMs’ risk preferences in weight assignment, implicitly
assuming homogeneous risk attitudes. OPA has yet to examine how scale distortions arising
from heterogeneous risk preferences may affect decision outcomes. Moreover, despite its
practical appeal, OPA has received limited scrutiny regarding its fundamental properties.
The absence of structural analysis constrains the effective integration of partial preference
information, such as ratio scales and absolute differences, beyond purely ordinal inputs.

1.2 Contributions

Building on the fundamental properties of OPA established herein, I propose Generalized
Ordinal Priority Approach (GOPA) to accommodate small-sample incomplete preference
learning, extending the ROC weights for ranked alternatives in OPA to a more flexible utility
structure. GOPA adopts an estimate-then-optimize bilevel framework: the first stage conducts
utility preference learning via a minimum cross-utility entropy estimator under a specified
preference context, and the second stage optimizes decision weights based on the inferred
utilities. A central component of GOPA is the design of a preference context that embeds
risk preferences, together with an analysis of the cross-utility entropy minimization problem,
which enables a tractable formulation. The main contributions are summarized as follows:

e Modeling. 1 reinterpret OPA by deriving an equivalent rank-index formulation that
uncovers its intrinsic link to ROC-type surrogate utilities, thereby providing a trans-
parent structural account of OPA’s rank-weight mapping and the role of multiplicative
ranking parameters (Proposition 1). Motivated by this equivalence, I propose GOPA,
which replaces fixed ROC utilities with a flexible utility representation learned from
small-sample, incomplete preference information. GOPA is formulated as an estimate-
then-optimize bilevel model: the lower level reconstructs marginal utilities under a
unified preference context, and the upper level optimizes decision weights based on the
elicited utilities (Equation (8)). A key innovation is the preference context design, which
simultaneously incorporates (i) reference utility structures (e.g., risk-preference or S-
shaped utilities) and (ii) moment-type partial preference constraints that unify ratio-scale,
absolute-difference, and lower-bound elicitation within a single framework (Definition 1
and Example 1). This construction extends OPA beyond rank-driven ROC transforma-
tions and enables utility reconstruction across heterogeneous attributes and experts, while
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remaining implementable in the absence of a reference structure via utility-entropy max-
imization (Corollary 1).

e Theory. I establish tractable structural results for both levels of GOPA and their inter-
action. For lower-level preference learning, I characterize the optimal marginal utility
density under minimum relative utility entropy as an exponential-tilting form with
breakpoint-induced piecewise structure (Theorem 1), and show that the solution reduces
to a linear system over interval masses (Proposition 2). I prove that the elicitation strategy
induces a full-column-rank matrix, ensuring identifiability and well-posed regularized
estimation (Lemma 1), and demonstrate how reference structures govern local risk atti-
tudes within elicited intervals (Corollary 2). For the upper level, I derive closed-form
solutions for the optimal weight disparity scalar and decision weights given reconstructed
utilities (Theorem 2). I further establish a decomposability property: optimal weights
factor into rank-reciprocal components for experts and attributes and a utility-driven
component for alternatives. This result rigorously justifies the multiplicative ranking
mechanism in OPA and identifies OPA as a special case obtained by substituting ROC
utilities (Corollary 3). Finally, I provide sensitivity results with respect to constraint and
ranking perturbations, yielding explicit bounds and robustness regions for the optimal
solutions (Theorem 3 and Corollary 4).

e Algorithm. Building on these structural results, I develop an efficient procedure for
GOPA-RUE with polynomial complexity in the number of elicited breakpoints and deci-
sion dimensions (Algorithm 1). The algorithm integrates (i) a regularized least-squares
solver for lower-level utility reconstruction, augmented with feasibility checks and a
nonnegative regularized correction to address noisy or inconsistent constraints (Proposi-
tions 3 and the subsequent nonnegativity formulation), and (ii) closed-form aggregation
for upper-level weight optimization (Theorem 2). The resulting pipeline is computa-
tionally stable under limited and imperfect preference inputs, preserves interpretability
through explicit decomposition, and produces globally normalized weights at the expert,
attribute, and alternative levels.

1.3 Organization

The remainder of this paper is organized as follows: Section 2 presents the preliminaries
of OPA. Section 3 proposes an equivalent formulation of OPA and further proposes the
unified framework of GOPA. Section 4 introduces GOPA with minimum relative utility
entropy (GOPA-RUE). Section 5 demonstrates GOPA-RUE through a numerical experiment
on emergency supplier selection during the 7.20 mega-rainstorm disaster in Zhengzhou,
China. Section 6 concludes this study and outlines future directions.

2 Ordinal Priority Approach

Consider a classical MADM setting that DM needs to determine the optimal alternative from
a finite set of alterantives K = {1, 2, ..., K}, based on their performance across J attributes,
J = {1,2,...,J}, as assessed by I experts, Z = {1,2,..., I}. OPA uses ranking data
as input when acquiring objective data or subjective information, represented by evaluation
scores or linguistic values, is challenging. For OPA, DM initially assigns a rank #; to each
expert i € 7 based on factors such as work experience, educational background, and orga-
nizational structure. Each expert i € Z then independently ranks each attribute j € J as s;;
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and each alternative k € /C on any attribute j € J as r;j;.Following standard conventions,
the highest rank is assigned as 1, the next as 2, and so on. In OPA, each expert acts as an
independent individual, offering evaluations without group deliberation, which means all
rankings reflect their personal preferences.

To simplify the discussion, I first define the following sets:

X'={G, j. kD) eI x T xKxK:rj=rijx+1rjxelK—11},
X ={G,j. eI xTxK:rj=K},

X :={G,j,keZIxJxK},

X :={G,j)eIxJ}.

Intuitively, X! captures alternatives with consecutive rankings for each attribute and
expert, whereas X2 collects alternatives ranked last for each attribute and expert. More-
over, ¥ = X! UX? represents all expert attribute alternative combinations, and X’ represents
all expert attribute pairs. Let ki/¥) represent alternative k ranked rijx on attribute j by expert
i with the weight of w; ;. Essentially, OPA is a value function method; however, to main-
tain consistency with the original literature, I continue to use the term “weight.” For any
(i, j) € X, alternatives with higher rankings dominate those with lower rankings:

100 < Ui e wii < wijk, VG, jok 1) € X,

(D
B < kUi &0 < W jks V@i, j k) e X2,

Without loss of generality, assume that the weights are in the normalized weight space:

Wi={weRY: > 3" Y wip =1, wijx =0, ¥i.j. k) € X
i€l jeJ keK

To incorporate the impact of expert preference on the weight disparity of each pair of
alternatives with consecutive rankings, OPA multiplies both sides of the inequalities in Equa-
tion (1) by the ranking parameters:

tl-s,-jr,-jk(wijk—w,-jl) > 0, v, j, k1) 62\?‘1, @)

t,-s,-jr,-jk(w,-jk) > 0, v, j, k) € X2,
Equation (2) describes the marginal utility of weight increments or disparities derived from
alternative ranking under each attribute and expert. Intuitively, the unconventional manipula-
tion that multiplies the weight disparities of consecutively ranked alternatives by the rankings
of experts, attributes, and alternatives suggests that as rankings increase, the marginal effect
of weight disparity between consecutive alternatives diminishes. The rationality for this is
demonstrated in this study by deriving the decomposability of the OPA weights (Theorem 2
and Corollary 3), linking the results to commonly used ranking-based surrogate weights in
decision theory.

In the normalized weight space, any point within the polyhedron satisfying the conditions
of Equation (2) aligns with expert preferences. Therefore, some studies offer a uniform distri-
bution of marginal effects of all weight increments to accommodate every expert preferences
without adding extra information (Siitcii, 2022). However, in the practical decision-making
process, DMs are inclined to pursue the most robust decision weights that reflect expert pref-
erences while demonstrating maximum disparities, which is common the MADM methods
such as ROR and non-additive capacity identification (Greco et al., 2008; Timonin, 2013).
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Thus, OPA, proposed by Ataei et al. (2020), seeks to maximize weight disparities that reflect
expert preferences within the normalized weight space:

[OPA-I] max z,
w,zZ

s.t.z < tis,-jrijk(wijk - wij/), Y@, j, k1) e Xl,
z = t;8ijrijk(Wijk), (i, j k) € X7, 3)
Z Z Z wijk = 1,
i€ jeJ kek
wiijO v, j, k) e X.

where z € R represents a weight disparity scalar. After solving Equation (3) for the optimal

solutions (z*, w*), the weight of experts, attributes, and alternatives, denoted as WiI s W]f7,

and W,f, respectively, are given by

WE=>">"wj. Viel

JjeT kel
J _ * :
Wi =22 win Vied. )
i€Z ke
WE=>"Y wjy.  Vkek.
i€l jeJ

In individual decision-making, OPA-I can be formulated without the parameters and con-
straints associated with DMs. When experts deem certain attributes or alternatives irrelevant,
they are excluded from the decision-making process, along with their corresponding decision
variables and constraints. When two alternatives have identical rankings for a specific expert
and attribute, their weight difference is zero.

3 Equivalent formulation and generalization of ordinal priority
approach

3.1 Equivalent formulation of ordinal priority approach

This section develops an equivalent formulation of OPA-I and examines its structural impli-
cations, which form the basis for the subsequent analysis.

Without loss of generality, I first map the alternative index k in wj jx to the rank index r
based on their positions in r;jx and define a set:

Yi={G,j,rNeIxIxR: R={1,...,R}, R=K}.
Proposition 1 OPA-I admits the following equivalent formulation:

[OPA-II] max z,
w,zZ

R 1 - .
s.t. (thr E) T = tisijwijr, V@, j.r) €,

I)IPILIS

ieZ jeJreR
wijr >0, V@i, j,r)e),

(&)
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where z is the weight disparity scalar, and w;j, is the weight of alternative ranked r on
attribute j by expert i. The feasible set of OPA-II is nonempty, the objective function is
bounded above, and an optimal solution exists.

The dual problem of OPA-II is formulated as follows:

in 1o,
oo 0
S.t. tis[j)\.[jr < Ao, V@i, j,r) e,
R 1 (6)
22 22 )=
i€ jeJreR
Aijr =0, V@i, j,r) e,

and strong duality holds.
After solving OPA-II, the optimal weight ID;"jr is assigned to the alternative ranked r; jx

under each expert-attribute pair (i, j) € X. Note that the left-hand side of the inequality
constraints in OPA-II can be written as

A}
Zﬁ = RURC, vremRr,
h=r
which corresponds to the rank order centroid (ROC) weight associated with rank r scaled
by the number of alternatives. Accordingly, Proposition 1 shows that OPA-II admits an
interpretation as eliciting the maximum weight disparity scalar based on ROC weights within
a normalized decision space. This formulation is therefore equivalent to maximizing weight
disparities while preserving the ranking preferences specified in OPA-I.
For clarity of the subsequent discussions, rewrite OPA-II as

max {z: f(2) < gw)}, )

wew,z
where [f(2)]ijr = fijr(2) = RUROCz and [g(w)]ijr = gijr(wijr) = tisij;j, for all
@i,j,r) €Y, and

We={weRY: Y "> iy =1, wij, =0,YG, j.r) €y

i€l jeJreR

3.2 Generalized Ordinal Priority Approach

The core idea of GOPA is to extend the original ROC weights for ranked alternatives in OPA-II
into a more adaptable utility structure derived from customized partial preference information.
In this context, the utilities for ranked alterantives under different experts and attributes are
treated as uncertainty parameters. The partial preference information and reference utility
structure provided by DMs can serve as side information for deriving utilities. Denote by
Uij : (0, R] — R the marginal utility function for any (i, j) € X defined over the interval
(0, R], with a finite number of non-differentiable breakpoints at

O=r9g<---<rc. =R,

ij
where C;; := {1, ..., C;;}. Without loss of generality, assume that the marginal utility func-
tion U (x) is nondecreasing, lower semi-continuous, and normalized within [0, 1] with the
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support set:
R
Uu .= {Ue%:/ u(x)dx:l},
0

where % represents the class of nondecreasing and lower semi-continuous marginal utility
functions and u(x) is the marginal utility density function of U (x).

This study introduces an estimate-then-optimize bilevel optimization framework for
GOPA. In this framework, the lower-level problem estimates the marginal utility density
functions of ranked alternatives across all experts and attributes based on partial preference
information, while the upper-level problem optimizes the corresponding decision weights.
Let U;jr = OR_VH u;j(x)dx forall (i, j,r) € Y, where u;;(x) denotes the marginal util-
ity density function associated with expert i and attribute j. Let 7;; denote the feasible set
induced by partial preference information, and let v;; : (0, R] — R be a reference marginal
density function for each (i, j) € X. Under this setting, the unified framework of GOPA can
be formulated as the following bilevel optimization problem:

[GOPA] _max g,
weW, z (Upper level: optimize)
s.t. f(2) < g(w, U¥),

u:»kj(x) = argmin h (uij(x), Vjj (x)), v, j) € X, (Lower level: estimate)
u,‘jE'P,'jﬁu
3)

Accordingly, the key to the success of GOPA depends on the design of preference contexts
that embed reference utility structures and partial preference information, and on the selection
of an appropriate lower-level preference learning estimator.

The GOPA framework generalizes utility representations for ranked alternatives and
extends to multiple data types, including objective measurements, evaluation scores, and
expert semantic assessments. For each data type, a suitable utility function satisfies mono-
tonicity and normalization, mapping attribute specific performance to comparable utility
values and enabling cross attribute comparison.

4 Generalized ordinal priority approach with minimum relative utility
entropy

This section specifies a concrete instantiation of the unified GOPA framework by adopting the
minimum relative utility entropy estimator for the lower-level preference learning, referred
to as GOPA-RUE. Under this specification, I derive a tractable reformulation of the resulting
problem and develop an associated computational framework.

4.1 Utility entropy

The concept of utility entropy was first introduced by Abbas (2006) based on the utility
increment vector, drawing an analogy to the probability mass function in probability the-
ory. Consequently, utility entropy measures the uncertainty associated with a utility random
variable. It adheres to the axioms of Von Neumann and Morgenstern’s expected utility the-
ory while satisfying the fundamental independence between utility and probability. Given
the normative distinction between belief and preference, the utility value of a prospect is
unaffected by the probability of its realization (Jose et al., 2008).
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Let U = (0,U;, Us, ..., Ug—_3, 1) denote a utility vector with K elements. The corre-
sponding discrete utility increment vector with K — 1 elements is defined as

AU = U —0,U, —Uy,...,1 =Ug_2) = (AU, AUy, ..., AUk_1).

The utility entropy of this increment vector is defined as

K—1
H(AU) = - ) AU log(AU).
k=1

For the continuous case, with a utility density function u(x) over the domain [a, b], utility
entropy is defined similarly to the discrete case:

b
h(u(x)) = —/ u(x) In(u(x))dx.

Abbas (2006) further defines the maximum utility entropy and minimum relative utility
entropy, drawing an analogy between utility and probability. Given constraints that represent
partial preference information, the maximum utility entropy formulation in the continuous
case is

b
u*(x) =argm(a))( —/ u(x) In(u(x))dx,

b
s.t./ he(x)u(x)dx = u;, c=1,...,C,
a

b
/ u(x)dx =1,

u(x) > 0.

(€))

The minimum relative utility entropy formulation, given a reference utility density v(x),
is obtained by replacing the objective of the maximum utility entropy formulation with

. b u(x)
min A(u(x), v(x)) = / u(x)In(—=)dx. (10)
u(x) a v(x)

This study adopts relative utility entropy minimization for the lower level preference
learning of GOPA, motivated by its flexibility with small sample inputs. The approach enables
experts to provide sufficiently reliable decision information without stringent statistical data
requirements, thereby reducing the decision making burden of DMs. Moreover, relative utility
entropy minimization yields maximum likelihood estimates when the underlying distribution
belongs to the exponential family, which is consistent with the reference utility density in
the lower level problem of GOPA. In the absence of prior structural knowledge, it further
reduces to utility entropy maximization, allowing utility elicitation based solely on partial
preference information and addressing the challenge of accurately capturing DMs’ utility
structures. The latter two properties are demonstrated in the following analysis.

4.2 Preference context design

The preference context design in GOPA mainly includes two parts: reference utility structure
construction and partial preference information characterization.
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Fig. 1 Utility function and its risk A Utility Urx)

behaviour Risk-seeking

Risk-neureal

Risk- averse

i 4

4.2.1 Reference utility structure construction

The reference utility structure in GOPA provides prior information for eliciting the utilities of
ranked alternatives. The construction of reference utility structure is mainly based on selecting
an appropriate utility function and extracting its utility density function. This study employs
the risk preference utility function as the reference function for continuous prospects. Notably,
the lack of reference utility information does not hinder the implementation of GOPA, which
can still demonstrate favorable properties.

Abundant evidence demonstrates that risk preference significantly impacts practical
decision-making processes, particularly in finance, economics, and decision science (Chen
and Sim, 2024; Liesio et al., 2023). It typically molds DMs’ cognitive processing of infor-
mation and ultimately guiding their inclination towards optimal solutions (Peng and Delage,
2024). The risk preference generally manifest as risk-seeking, risk-neutral, and risk-averse
tendencies, which can be elucidated through utility functions. The behaviors of the risk-
seeking, risk-neutral, and risk-averse utility functions exhibit concave, linear, and convex
characteristics, respectively, as illustrated in Fig. 1.

Among the different risk preference utility functions, hyperbolic absolute risk aversion
(HARA) has gained widespread application due to its generality (Xie et al., 2024). The HARA
utility function is given by

1 a \'77
o= () )

-y
v(x) =« (/3 + g)c) ,
14

where «, B, and y are given constants. The HARA utility function can be generalized to
common utility function forms:
e when y = 0, it reduces to a risk-neutral utility function;
e when 8 = 0O and y > 0, it reduces to a constant relative risk-averse (CRRA) utility
function;
e when y — +00, it reduces to a constant absolute risk aversion (CARA) utility function.
Besides the above risk preference utility functions with single feature, the prospect theory
proposed by Tversky and Kahneman (1974) represents a significant approach to bridging the
gap between normative theories and empirical behaviors. It suggests that decision-making
is influenced by four factors: (1) outcome evaluation relative to a reference point; (2) losses
have a more significant impact on DMs than gains; (3) increasing gains or losses weakens

with the utility density:
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people’s perceptions of them; (4) individuals exhibit probability distortion, tending to over-
weight small probabilities and underestimate large ones. These observations indicate that
individuals exhibit risk aversion toward gains and risk-seeking toward losses. Thus, the util-
ity functions based on prospect theory exhibit an S-shaped characteristic. Consistent with
normative research practices, the possibility of any probability evaluation bias are disregarded
in this study, focusing instead on how to incorporate information indicating specific shapes
of utility functions (Armbruster and Delage, 2015). This study adopts a logistic function as
the utility function with the S-shaped characteristic, given by

Vix) = ——.
) 1+e
We need further perform translation and stretching transformations to make it symmetric
about point (R/2,0.5), i.e.,

1

Vi) = ——,
(x) P

with the utility density:

= %)

(1+e~ G2

The choice of a reference utility structure in practice primarily depends on the available
prior information. When the DMs’ overall risk preference can be identified, monotonic risk
preference utilities such as the HARA utility function can be adopted, with curvature param-
eters capturing risk seeking or risk aversion. When the decision process is strongly influenced
by reference point effects or gain loss asymmetry, a logistic utility function with an S-shaped
structure is more appropriate. If a DM is unable to clearly specify or justify an appropriate ref-
erence point, no reference-dependent specification is imposed. It should be emphasized that
the identification of utility structures has been extensively studied in behavioral economics
and decision theory. The focus of this study is instead to develop a general framework that
can embed multiple reference utility structures, and thus the specific identification procedure
is not discussed.

v(x) =

4.2.2 Preference information characterization

Partial preference information serves as the basis for constructing the feasible sets of marginal
utility functions in the lower-level problems of GOPA. This section introduces a moment-
type preference set for utility functions, which is highly generalizable and accommodates
various forms of partial preference information in the current literature of decision analysis.

Definition 1 The set of utility functions satisfying the moment-type preference (MTP) is
defined as

73::{Ue%:—oo</¢b(x)dU(x)§ﬂb,b:1,...,8}, (11)
®

where ¢, : ® — R is Lebesgue integrable function and fj is some given constant for
b=1,...,B.

The function ¢, and parameter S}, represent partial preference information, which varies

across attributes and among different experts. The MTP set includes various forms of partial
preference information with several sensible examples presented below.

@ Springer



Annals of Operations Research

Example 1 (Deterministic Utility Comparison) The preference information of deterministic
utility comparison mainly includes ratio scales, absolute differences, lower bounds, and weak
ordered relations. Consider two alternatives with performance values 61, 6, € ® on benefit-
based attribute (i.e., the larger value is preferred), where 61 > 6. Ratio scale for deterministic
utility comparison is commonly employed by pairwise comparison methods such as AHP,
ANP, and BWM. The set of utility functions satisfying the ratio scale preference o > 1 is

expressed as
01 ()
P = Ue%:/ dU(x):a/ dU (x) } .
0 0

Absolute difference for deterministic utility comparison is typically used by the quasi-
distance-based MADM methods such as TOPSIS, VIKOR, and EDAS. The set of utility
functions satisfying the absolute difference preference g is expressed as

: 01 6h
P = Ue%:/ dU(x)—/ dU(x)=B}.
0 0

The set of utility functions satisfying the lower bound preference y is expressed as

0
Plbzz[UG%:/ldU(x)zy}.
0

The set of utility functions satisfying the weak ordered relation is expressed as

01 6
PV = {UG%:/ dU(x)z/ dU(X)}.
[ 0

When o = 1 and B = 0, P and P® reduce to P"°, respectively. This suggests that
weak ordered relations can be foundational for integrating other reliable partial preference
information from DMs to approximate actual preferences.

By introducing the indicator function, I can rewrite the above sets into

P ={U e : / (1(,0,1(x) — al(g,0,1(x)) AU (x) = 0},
e

pab . {U cU: /0 (Lig,0,1(x) — 1(g,6,(x)) dU (x) = B

p=luew :/ 1(9,6,1(x)dU (x) = V},
®

PO = {U X% /o (1(g,6,1(x) — 1g,6,)(x)) dU (x) = 0

where 1 6,1(-) is the indicator function with domain (@, 6] € ©. It is straightforward to
unify the above set into a MTP set, with ¢ being constant within different intervals.

This study considers the MTP set based on the deterministic utility comparisons. Experts
need only to provide sufficiently determined preference information, which forms the basis
for personalized preference analysis. Since the marginal utility function is non-decreasing,
the weak order relations always hold, and thus only ratio scales, absolute differences, and
lower bounds need to be considered. Consequently, for any (i, j) € X, the partial preference
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context for GOPA can be expressed as

R
/P,'j = {U[j EU . —0 < / qbbl.j(x)dU,-j(x) = ﬂb,-j,Vbij (S] B,‘j} s (12)
0

where ¢bij (x) = I(O’rbij](x) — Oll((),,b(_](x) and B;; = {1, ..., Bjj}.
ij
The MTP elicitation process is conducted incrementally. Upon eliciting a deterministic
comparison b;;, the associated comparison points are incorporated into the breakpoint set,
1.€e.,
C,'j <~ C,’j (@] {rbij’ rbf,‘}’ Vb,'j € Bl'j.

To limit the proliferation of induced segments, the first comparison is allowed to introduce
two new breakpoints, whereas each subsequent comparison introduces at most one new
breakpoint, satisfying

|{Vb,-,-, rb”,j}\cij‘ <L

This strategy regulates the growth of the piecewise structure relative to the number of elicited
MTP constraints, ensuring that the model dimensionality remains commensurate with the
available preference information.

4.3 Reformulation

This section derives a tractable reformulation of GOPA-RUE and develops an associated
computational framework through an analysis of its structural properties.

4.3.1 Lower-level estimation for preference utility

Consider the lower-level problem of GOPA-RUE that minimizes the relative utility entropy
under the above discussed preference context for each (i, j) € X:

) R u;j(x)
uf;(x) = argmin / uij(x)1n ( > dx,
0

u;j(x) Uij(x)
R
s.t. /0 @b, (x)dU;j(x) = Bp,;, Vb;; € B;j (13)
R
/ uij(x)ydx =1,
0
uij(x) > 0.

The following theorem provides the expression for the optimal marginal utility density
functions in GOPA-RUE.

Theorem 1 Let A € RPi and i € R denote the Euler-Lagrange operators corresponding to
the MTP constraints and the normalization constraint for any (i, j) € X, respectively. The
optimal marginal utility density function u;;(x) for the lower-level problem of GOPA-RUE
in Equation (13) is given by

—1=ho=2lp; e, Moy Obi; ()

u?‘j(x) =v;;(x)e (14)

which is a piecewise function with breakpoints at r.;; for all c;; € Cij.
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The following corollary shows that the utility entropy maximization without reference
marginal utility structure is a special case of the relative utility entropy minimization in
GOPA-RUE when the reference marginal utility density function is uniform.

Corollary_'l Let v(x) denote the uniform marginal utility density function on (0, R]. For any
(i, j) € X, there exists

—1=ho=3 ey Mo Py ()

R
u?‘j(x) = argmax _/0 u;j(x)In (u,-j(x))dx=17(x)e (15)

uij (x)€P;jNU
where A € RPii and ).y € R are Euler-Lagrange operators.

Although Theorem 1 characterize the optimal marginal utility density function, the Euler-
Lagrange operators necessary for solving the lower-level problem of GOPA-RUE remain
undetermined. Therefore, the primary task in the subsequent analysis is to derive the Euler-
Lagrange operators by exploiting the structural properties inherent in GOPA-RUE.

Notice that bijeBi; Aby; Dby (x) is the aggregation of step function ¢, ; (x) with the coef-

. .o ¥ . —1=20=2_p..cB. . Mb;: b, : . . .

ficient Ap,; for (i, j) € X', which ensures e 02ty Moij Phij () is a unique step function
defined over each intervals given any set of Euler-Lagrange operators. This property moti-
vates the following proposition for obtaining the optimal marginal utility density function of

GOPA-RUE through a system of equations.

Proposition 2 Let
Teji
AV, :/ ! v;j(x)dx,

Tejj—1

g, = ¢ 0T Rbeny My O )
ij ’

forallcij € Cijand (i, j) € X, and
n T
bi,, = (L{rn; € 1, +00)} ..., L{ry,; € (¢, +00)})
forallbjj € Bjj and (i, j) € X. Define
AV,

AV,’j = s
AVe

ij
gij = (81, 8¢, Bij = Bi,.., By, DY and Wi = Py, ... ¥p, . €7, where
Vi, = b,

The optimal marginal utility density function u;kj (x) for the lower-level problem of GOPA-
RUE is given by

— ap,; ‘l;b,fj and e is a C;j-dimensional vector of all ones for all (i, j) € X.

i) = Y gk vij(O{x € (1,1} (16)

Cij eCl-j
where gjl_j is the solution of the following system of equations:
VijAViigi; = Bij- 17

Itis important to clarify how the induced utilities depend on the reference function. When
V;; and B;; are fixed for any (i, j) € X, the solution of the lower-level linear system depends

on the reference only through the interval masses AV, = f:"'_l v;j(x)dx. In contrast, the
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induced utilities Ui’;.r = 0R7r+1 M?,- (x)dx generally depend on truncated integrals of v;; (x)

within intervals whenever R — r + 1 does not coincide with a partition point. Because the
partition points constitute a subset of R, Ui’;r cannot, in general, be characterized solely by
the interval masses AV,,; and may differ across reference functions sharing the same AV, ;.
In the special case where all partition points align with R, however, the induced utilities
reduce to sums of complete interval masses and are fully determined by AV,,;.

The following lemma establishes that the matrix induced by the MTP elicitation strategy
possesses full column rank, which guarantees the nonsingularity of the associated Gram
matrix.

Lemmal Forany (i, j) € X, let Ajj = W;jAV;; be defined as in Proposition 2. Under the
MTP elicitation strategy specified in Section 4.2.2, A;; has full column rank, i.e., rank (A;;) =
Cij. Consequently, A;;A,-j is nonsingular.

Although Proposition 2 characterizes the optimal marginal utility density of GOPA-RUE
through a linear system, exact feasibility of this system cannot be guaranteed in practice. This
limitation is unavoidable, as DMs’ elicited preference judgments may contain inconsistencies
or contradictions due to cognitive limitations or bounded rationality. Consequently, rather
than enforcing exact satisfaction of the system, I determine g;; as a best-fitting solution that
balances data fidelity and robustness. In particular, regularization is introduced to stabilize
the estimation against ill-conditioned or noisy preference information and to ensure a unique
solution. Leveraging the full column rank property established in Lemma 1, I therefore adopt
a regularized least-squares formulation, which admits a closed-form solution.

Proposition 3 For any (i, j) € X, let A;j = V;;AV;; be defined as in Proposition 2. For
any A > 0, the unconstrained regularized least-squares problem:

! 2 A 2
min > |4ijgi = Bijl, + 3 i (18)
admits the unique closed-form solution:
-1
g = (A;A,-,- +u) Al B (19)

The solution in Proposition 3 is computationally efficient and uniquely defined. I
subsequently perform a post-solution feasibility check. If the resulting g;j satisfies the
nonnegativity requirement, it is adopted as the final estimate. Otherwise, I enforce the nonneg-
ativity constraint explicitly by solving the following nonnegative regularized least-squares
problem:

in gy — B2+ ey 0)
;f_}'z“o > ” ii&ij — Bijl; 5 18ijla -

When the elicited MTP constraints are internally inconsistent, the regularized (nonnega-
tive) least-squares formulations should be understood as relaxations of the exact linear system
characterized in Proposition 2. In this case, the recovered marginal utility density does not
represent an exact preference-consistent structure, but rather a best-fitting approximation
that balances conflicting judgments while preserving stability and nonnegativity. This relax-
ation does not affect the validity of the upper-level optimization. Accordingly, the resulting
decision weights are optimal with respect to the approximated preference model, ensuring
robustness of GOPA-RUE under noisy or contradictory preference information.

The following corollary establishes that the optimal marginal utility density function of
GOPA-RUE shares the same risk preference as the reference utility density function within
each interval defined by the breakpoints.
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Corollary 2 For any (i, j) € X, by Arrow-Pratt’s definition of the risk preference function,
the local risk preference n;;(x) of the optimal utility density function ul’fj (x) of GOPA-RUE
in Equation (13) is given by

d
i) =Y. <—aln<vij(x>>)1{xe(rci/fl,rcij]}, Vie (ORIl (D)

¢ij€Cij

Corollary 2 indicates that the risk preference of the optimal marginal utility density func-
tion of GOPA-RUE can be controlled by choosing appropriate reference utility functions.
Therefore, in minimizing relative utility entropy, partial preference constraints primarily
determine the utility function, while the reference utility primarily adjusts within the defined
intervals. In the absence of a reference utility structure, Corollary 2 suggests that utility
entropy maximization can be used to derive utility with risk-neutral preferences. In addition,
the results from the lower-level estimation of GOPA-RUE in the continuous setting can be
naturally extended to the discrete case, where the reference utility structure can be represented
through rank based surrogate weights.

4.3.2 Upper-level optimization for decision weights

After determining the optimal marginal utility functions for all (i, j) € X from the lower-
level preference learning problem, I proceed to the upper-level optimization of GOPA-RUE,
which aims to determine the decision weights:

max z,

w,z7

S.t. RU;;-,,Z < l,'S,'le),’jr, Y@, j,r)e),

R—r+1

Uiy :/0 ui;(x)dx, (@i, j,r) e, (22)
BpBp LT
i€l keKreR
wijr >0, V@i, j,r)el.

The following theorem presents the closed-form solution of the upper-level problem of
GOPA-RUE.

Theorem 2 The closed-form solution of GOPA in Equation (22) is given by

* RUr 23
S DID3D Dt IR (23)
ieZ jeJrer Y
and v %
o RU},z ..
Wi, =———— Y(,j,r) e, (24
1;Sij

Especially, the closed-form solution of OPA-II can be obtained by replacing U i’;r with U,R oc,

Theorem 2 shows that the upper-level solution follows a normalized proportional allo-
cation rule, where weights are assigned according to marginal utility adjusted by structural
scaling factors. The term z* acts as a normalization constant ensuring feasibility. The solution
reflects global competition across alternatives and allows transparent comparative statics.
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Importantly, the closed-form expression eliminates the need to solve the original upper-
level optimization problem numerically, enabling direct computation from given parameters
and substantially improving computational efficiency. In addition, the closed-form solution
provides a general lower bound reference for various weight elicitation methods, extend-
ing beyond GOPA. In this study, the subjective preference-based weight elicitation approach
emphasizes the unknown weight benchmark (lower bound), setting it apart from other weight
elicitation problems, such as portfolio decision-making. In portfolio decision-making, a
benchmark return, like the performance of an existing portfolio or market index, serves as a
reference. Likewise, the closed-form solution in Theorem 2 offers a comparable benchmark
for the broader problem of weight elicitation based on subjective preferences.

The following corollary demonstrates that the optimal GOPA-RUE weights can be decom-
posed into the components independently determined by the ranking indices of experts,
attributes, and alternatives.

Corollary 3 Given
~1

and the rank reciprocal weight for an object ranked |, i.e., wlRR = (Z}Ile %)/L for all
I € [L], the optimal GOPA-RUE weights are equivalent to

- RR, RR, MRU .
wk = w, W W v, j.r)el, (25)

.
where wMRU — SU;

ijr ijp satisfying
(1) [Monotonicity] wlffV > wlf forallr =1.....R—1and (. j) € ¥;
(2) [Normalization] Y, .1 ZJ.EJ pR— wit/‘erU -1

Especially, the decomposability of the optimal weights of OPA-II can be obtained by replacing
wl.AJ’.’rRU with wROC,

Corollary 3 not only demonstrates the decomposability of the GOPA-RUE solution but
also provides a normalization factor for utility derived from the minimum relative utility
entropy across all (i, j) € X. This forms the theoretical foundation for a more flexible
GOPA-RUE prescription, where expert weights, attribute weights across different experts,
and alternative utilities can be customized. It also explains the rationale for multiplying the
weight disparities of consecutively ranked alternatives by the rankings of experts, attributes,
and alternatives in OPA-I: this results in a composite weight comprising RR weights for
the ranked experts, RR weights for the attributes, and ROC weights for the alternatives.
Additionally, Corollary 3 implies that the optimal GOPA-RUE weights can be derived by
solving the linear programming problem for each attribute under each expert, followed by
aggregating the results based on expert and attribute weights. Thus, it mitigates divergent
group consensus encountered in MADM methods such as AHP and BWM.

The following algorithm summarizes the computational procedure for GOPA-RUE. For
each (i, j) € X, constructing A;; = W;;AV;; requires O(B;;C;;) operations. Solving
the unconstrained regularized least-squares problem entails forming Al.TjA,-j and solving
a C;j x C;j linear system, which requires O(C?j) time. The subsequent nonnegativity check
incurs linear time in C;;; when violated, the nonnegative regularized least-squares problem
can be solved in polynomial time and typically exhibits O(C?-) worst-case complexity under
standard active-set or projected-gradient methods. Constructing the marginal utility density
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and computing the induced utilities {U}". },er require O(C;; +|R|) operations. Aggregating

- ijr
over all (i, j) € X, the total computational cost of the lower-level preference learning stage
is O(Z(i, e Cl3j) which dominates the remaining steps. The computation of z*, {w;, },
and the global weights involves only summations over index sets and incurs O(|Z||J||R| +
|Z||T11K|) time. Overall, Algorithm 1 runs in polynomial time and remains computationally
tractable for moderate numbers of breakpoints and decision dimensions.

Algorithm 1 Algorithm for GOPA-RUE
Input: R, {t;}, {sij}, {vij 0}, {Wis ) {AVi), {8y}, and 2 forall (i, /) € Xx.
for (i, j) € X do
Construct A,‘j = \I’ijAVij.
Compute the unconstrained regularized least-squares solution:

* -1
) = (a5 Ay 1) AT,

if g}'j > 0 then

* *
Set g7, = g};-
else
Solve the nonnegative regularized least-squares problem:

1 A
g}; = argmin EHA,-_/g,-j - B3+ Eﬂgin%-
>0

8ij
end if
Construct the marginal utility density u;; (x) = Z gf,u vij (O Ux € (re;—1, Tei; 1)
cij€Cij
for r € R do

R—r+1
Compute the induced utility U}, = / ui; (x)dx.
0

end for
end for .
Compute the optimal weight disparity scalar z* = Z Z Z %
— 1iSij
i€eZ jeJ reR
for (i, j,r) € Y do
— R Ui’;'r < *
Compute the weight of the ranked alternatives under experts and attributes w;‘j r= .
iSij

Map u'J;‘jr to w;‘j « based on alternative rankings.
end for
Calculate global weights:

WE=3">wp viez, Wl =33 wi, Vied, WA= wi, vkek.

jeT kel ieZ kel i€l jeJ

Output: (U

ijr

YA, ) (i b AWEY AW L (W), and 2.

ijr i

4.4 Sensitivity analysis
This section conducts the sensitivity analysis of GOPA-RUE, including the perturbations of

constraints, ranking parameters, and alternative utilities, using the respective dual reformu-
lation.
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Consider the perturbation problem of GOPA-RUE for constraint perturbations:

max z,
W
s.t. tisijd)i]r RUl]rZZé‘ijr, V@, j,r)el,
(26)
S apar T
i€ jeJreR
wijr > 0, V@i, j,r)e,

which is assumed to be feasible. The perturbation parameters can be both positive and neg-
ative, leading to changes in the right-hand side of the normalization constraint by €, as
well as tightening or relaxing the inequalities of weight disparity constraints by &;;, for all
@i, j,r) € V. Thefollowing theorem presents the sensitivity analysis results for the constraint
perturbation problem.

Theorem 3 Let (z* (e, €), w* (e, €)) denote the optimal solution of the constraint perturbation
problem of GOPA-RUE in Equation (26). Then,

e, €) < 1—6—2228’” Z*, 7)

i€l jeJreR fi Sij

and
RUE z*(e, €)

B, (e, €) = —L——— V(i j.r)eV. (28)
1isij

where 7* is given by Equation (23).

Theorem 3 shows that reducing the normalization scale (equality constraint) or tightening
the weight disparity constraints (inequality constraints) results in a smaller optimal weight
disparity scalar, which follows a linear relationship. The sensitivity of the optimal weights is
determined by the weight disparity scalar.

I then analyze the sensitivity of GOPA-RUE with respect to the ranking parameters of
experts and attributes, as well as the utilities for ranked alternatives. Consider the perturbation
problem of GOPA-RUE for ranking parameter:

max z,
,w

s.t. R(US, +8ijr)z < (tisij + 0ip)wijr, VY, j,r) €Y,

YD) IPILIS @

ieZ jeJreR
w;jr > 0, Y@, j,r)ey,

which is assumed to be feasible.

Corollary 4 Lerz*(8, o) and w* (8, o) denote the optimal solution of the ranking perturbation
problem of GOPA-RUE in Equation (29). Then,

R(UZ, + 8ijr)

FGo)=|> Y Y — | | (30)

1;S; a;
ieZ jeJreR i3ij + ij
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and
. RS, +6ijr)z* (8, o)
w;, (8, 0) = . V. j.r)ey. @D
’ tisij + oij

Corollary 4 illustrates that the sensitivity of the optimal weight disparity scalar is linearly
related to the utility perturbation and inversely proportional to the ranking parameter per-
turbation. The optimal weights mirror the optimal weight disparity scalar and are linearly
related to its perturbation.

Equations (27) and (30) further allow the identification of robustness regions for the
optimal solution. In particular, as long as

P 3)3) S5 Ay

G
ieT jegrer Y

the perturbed problem in (26) remains well defined and the optimal weight disparity scalar
7*(e, €) is bounded. Similarly, bounded perturbations (8, o) yield explicit bounds on z*(8, o)
through (30), thereby providing a transparent robustness characterization of GOPA-RUE with
respect to ranking and utility perturbations.

5 Numerical Experiment
5.1 Problem setup

This study selects the improvisational emergency supplier selection (IESS) during the 7.20
mega-rainstorm disaster in Zhengzhou, China, as a case study to demonstrate GOPA-RUE
(Peng and Zhang, 2022). Unlike regular emergency supplier selection, IESS has distinct
characteristics. Regular emergency supplier selection typically occurs during the emergency
preparedness phase; however, the complexity and unpredictability of disasters may render
pre-selected suppliers inadequate for disaster response (Wang et al., 2022). In such situations,
IESS becomes essential. IESS requires rapid decision-making under tight time constraints
and high uncertainty, making it challenging to obtain high-quality data and often necessitating
reliance on partial preference information. Additionally, due to time pressure and information
uncertainty, DMs’ risk preferences significantly influence decision-making. Overall, the rea-
son for selecting IESS to illustrate the applicability and effectiveness of GOPA-RUE is that it
aligns with the decision analysis framework of GOPA-RUE, and the urgency and complexity
of decision-making in this scenario provide an ideal testing platform.

There are 10 emergency suppliers (labeled Al to A10) available for selection within the
disaster area, each with distinct characteristics. Some emphasize stable supply chains and
prompt response capabilities despite higher costs, while others utilize strategic geographic
positioning and efficient transport connections to expedite flood relief efforts during crises.
Attributes selected for IESS include response speed (C1), delivery reliability (C2), geographic
coverage (C3), operational sustainability (C4), collaborative experience and credibility (C5),
and supply cost (C6) (Wang et al., 2025). Five DMs (labeled E1 to E5) from various depart-
ments act as stakeholders for IESS, prioritized based on their decision-making authority as
E5>E2>E1>E3>E4. These DMs provides their risk preference to each attribute, rankings
of attributes and alternatives, and sufficiently determined partial preference information, as
detailed in Online Supplemental Material.
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Fig.2 Calculation results of utilities

5.2 Experiment result

Figure 2 reports the optimal utilities of ranked alternatives across attributes based on experts’
partial preference information. The results reveal substantial heterogeneity in utility gaps
across both attributes and experts, highlighting the importance of explicitly incorporating
partial preference information in utility elicitation. For instance, under C2, the utility for
E4 declines from 0.295 at rank r = 1 to 0.220 at » = 2 and further to 0.134 at r = 3,
whereas under C3, the E3’s utility remains close to 0.1055 for r = 1 and r = 4 before
decreasing at lower ranks. Utility decay also varies markedly by attribute: under C6, E5’s
utility drops sharply from 0.204 at r = 1 to 0.016 at r = 6 and 0.002 at » = 10, indicating
a strong emphasis on top-ranked alternatives, while attributes such as C3 exhibit a more
gradual decline, from approximately 0.106 at » = 1 to about 0.066 at » = 10. Apparent
similarities across adjacent ranks (e.g., values around 0.105-0.107 under C3) are due to
numerical rounding rather than true flat segments in the underlying utilities.

Figure 3 reports the resulting weights and rankings of experts, attributes, and alternatives.
The expert weights exhibit a clear hierarchical structure: ES is the most influential expert
with a weight of 0.438, followed by E2 at 0.219. The remaining experts, E1, E3, and E4,
receive weights of 0.146, 0.110, and 0.088, respectively, reflecting the diminishing marginal
effects implied by the RR weighting scheme. In terms of attributes, response speed (C1) is
identified as the most critical criterion with a weight of 0.271, indicating its central role in
emergency supplier selection. Collaborative experience and credibility (C5) ranks second
at 0.226, underscoring the importance of coordination and trust in humanitarian operations.
Delivery reliability (C2) and geographic coverage (C3) receive moderate emphasis, with
weights of 0.166 and 0.148, respectively. By contrast, supply cost (C6) and operational sus-
tainability (C4) are assigned relatively lower weights of 0.114 and 0.075. Notably, despite
the increasing global emphasis on sustainability-oriented practices, stakeholders in this case
study perceive operational sustainability as less critical in urgent emergency contexts, where
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Fig.3 Calculation results of weights

responsiveness and coordination dominate decision priorities. Regarding alternative evalua-
tion, AS emerges as the top-ranked option with the highest weight of 0.125, closely followed
by A3 at 0.123 and A7 at 0.109, indicating strong competition among the leading suppliers.
A8 ranks fourth with a weight of 0.106, while the remaining alternatives exhibit noticeably
lower weights, reflecting weaker overall performance across the evaluated attributes. Collec-
tively, these results suggest that A5 represents the most preferred emergency supplier, with
A3 and A7 serving as viable secondary choices, thereby providing a clear and interpretable
ranking outcome for managerial decision making.

5.3 Ablation analysis

This section reports an ablation analysis to isolate the contributions of key design components
in GOPA-RUE and to examine the sensitivity of the resulting alternative rankings. Beyond
quantifying the performance loss from removing or simplifying individual components, the
analysis clarifies the mechanisms through which GOPA-RUE operates by disentangling the
roles of MTP information and the reference function shaping utility. Six GOPA-RUE variants
are constructed by activating or deactivating MTPs and combining them with three reference
functions, Uniform (non-informative baseline), S-shape, and HARA, yielding 2 x 3 con-
figurations. The original OPA model is included as a purely rank-based benchmark without
utility reconstruction. For each configuration, aggregated alternative weights and rankings
are computed, and a Spearman rank-correlation matrix is reported to evaluate robustness and
structural similarity across ablation settings. Results are presented in Fig. 4.

Figure 4(a) reports alternative weights under the six GOPA-RUE variants and the OPA-
ROC benchmark. Overall patterns are stable, yet distinct structural effects arise from MTPs
and the reference function. Imposing MTP constraints (MTP+Uniform and MTP+S-shape)
produces a more polarized distribution, concentrating weight on leading alternatives, partic-
ularly A5 (0.138 and 0.141), while A10 remains last in all cases. This polarization aligns with
the theoretical role of MTPs in the lower-level entropy minimization problem: by embed-
ding local structural information on adjacent ranked utilities, they amplify disparities implied
by ordinal dominance. Removing MTPs (Uniform and S-shape) yields smoother and more
evenly distributed weights, as utilities are then governed solely by the reference function and
normalization. The reference function exerts the strongest influence under HARA. Unlike
Uniform and S-shape, which mainly adjust marginal curvature around middle ranks, HARA
reshapes the global curvature of the utility density, reallocating mass across both top- and
mid-ranked alternatives. Consequently, A1, A4, and A6 gain relative weight, and the over-
all profile becomes flatter, even with MTPs. These systematic differences reflect structural
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Fig.4 Results of ablation analysis

trade-offs between entropy regularization and MTP constraints rather than numerical noise.
In contrast, OPA-ROC assigns substantial weight to A8 (0.143) and A3 (0.129), illustrating
the concentration induced by ROC-based rank-to-weight transformation and confirming that
GOPA-RUE's utility reconstruction fundamentally alters the mapping from ordinal inputs to
cardinal weights.

Figure 4(b) indicates that overall rankings are broadly robust across settings, yet the top-
ranked alternative is highly sensitive to the interaction between MTPs and the reference
function. Under MTP+Uniform and MTP+S-shape, A5 consistently ranks first, with A7 and
A8 remaining within the top four. MTPs thus stabilize leading positions by amplifying domi-
nance relations embedded in local moment information and by enforcing consistent marginal
utility gaps between adjacent ranks, thereby counteracting entropy-induced smoothing. With-
out MTPs, the top position becomes reference-dependent. The Uniform reference-only case
selects A8 as rank 1, whereas the S-shape reference-only case retains A5 at rank 1 but places
A8 atrank 2. Hence, global curvature assumptions alone can alter the argmax even when the
remaining order changes marginally. The largest shift occurs under MTP+HARA, where A6
rises to rank 1 and A5 drops to rank 3. This reflects a nonlinear interaction between HARA
curvature and moment conditions: reshaping marginal utility decay across rank intervals
sufficiently modifies cumulative utility gaps to change the top choice. The OPA-ROC bench-
mark selects A8 as rank 1 and demotes A9 to rank 9, resembling the reference-only cases
and confirming that OPA is purely rank-driven. By contrast, GOPA-RUE integrates entropy
regularization with preference constraints, which can materially reshape implied dominance
relations under identical ordinal inputs.

The Spearman rank-correlation matrix in Fig. 5 provides a structural assessment of
robustness. Correlations within the Uniform and S-shape families are uniformly high
(p =~ 0.94-0.99), including strong agreement between constraint-enabled and constraint-
disabled variants (e.g., Uniform vs. S-shape reference-only, p = 0.988). When the reference
function does not substantially distort marginal curvature, rankings remain structurally stable
and MTPs primarily refine rather than overturn the order. In such cases, entropy regulariza-
tion and the ordinal structure already imply similar utility configurations, and activating
constraints mainly sharpens local disparities without altering global geometry. By contrast,
correlations involving MTP+HARA are markedly lower, with particularly weak association
with OPA (p = 0.430). This indicates a substantive structural shift: the HARA reference,
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combined with MTPs, generates a qualitatively distinct utility landscape that materially alters
ranking structure. OPA exhibits only moderate agreement with most GOPA-RUE variants,
suggesting that ROC-based transformation captures part of the ordinal pattern but lacks the
flexibility of entropy-based utility reconstruction. Overall, GOPA-RUE is robust under mild
reference specifications (Uniform and S-shape), whereas nonlinear curvature adjustments
can induce systematic reordering.

5.4 Sensitivity analysis

This section presents a sensitivity analysis covering preference parameter perturbation and
ranking parameter perturbation.

5.4.1 Preference parameter perturbation

The preference parameter perturbation analysis evaluates the robustness of GOPA-RUE’s
utility estimates and alternative rankings to variations in partial preference information, focus-
ing on the ratio-scale parameter « and absolute-difference parameter 8 in the moment-type
preference set. Specifically, 10% random perturbations are imposed on « and g for all
expert-attribute pairs, generating 200 independent trials under a fixed random seed to ensure
reproducibility. For each trial, the perturbed parameters redefine the constraint set, the lower-
level regularized least-squares problem is solved to estimate utilities, and the upper-level
decision weights are computed, with nonnegativity constraints imposed to guarantee feasible
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Fig.6 Results of preference parameter perturbation

utility densities. The resulting weights and rankings are then compared with the baseline
(unperturbed) outcomes. Results are presented in Fig. 6.

Figure 6(a) reports the distribution of alternative weights across 200 random perturbations
of the preference parameters, with « and 8 varied within £10%. Mean weights closely align
with the baseline, and 95% confidence intervals are narrow for most alternatives, indicating
strong robustness to moderate fluctuations in preference intensity and difference levels. Top-
ranked alternatives (mean weights &~ 0.126-0.139) exhibit small standard deviations (about
0.009), suggesting structural stability under mild perturbations of moment-type constraints.
One alternative with mean weight 0.139 shows a higher standard deviation (0.024), reflect-
ing greater sensitivity near competitive boundaries among leading options. In such cases,
small changes in & and B amplify marginal utility adjustments and increase dispersion.
Mechanistically, « rescales utilities across ranked segments, whereas 8 shifts local moment
constraints; both affect the estimated utility density u;;(x) in the lower-level entropy mini-
mization. Nonetheless, normalization in both aggregation stages and averaging across experts
and attributes absorb most local distortions, preventing substantial global deviations.

Figure 6(b) reports ranking statistics, further confirming structural robustness. For most
alternatives, mean ranks remain close to baseline positions, with standard deviations typically
between 0.6 and 1.2, indicating limited positional shifts. The worst alternative consistently
ranks 10th across all trials (zero variance), showing that clearly dominated options are
unaffected by local parameter changes. Leading alternatives with mean ranks near 2 also
display narrow confidence intervals, confirming stable dominance relations. Greater disper-
sion appears among middle-ranked alternatives (mean ranks around 5-7), whose intervals
span adjacent positions. This pattern is consistent with the GOPA-RUE mechanism: pertur-
bations in o and B adjust the slope and curvature of the reconstructed marginal utility, slightly
altering marginal gains among closely competing options. When weight differences are small,
minor parameter changes can induce local reordering. However, the absence of large-scale
rank reversals indicates that the global ordinal structure imposed by ranking parameters
and normalized aggregation governs the outcome. Overall, Fig. 6 demonstrates that GOPA-
RUE is locally responsive yet globally robust: perturbations affect fine discrimination among
neighboring alternatives without disrupting the overall ranking structure.
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Fig.7 Results of ranking parameter perturbation

5.4.2 Ranking parameter perturbation

This section evaluates the robustness of GOPA-RUE to noise in experts’ ranking parameters,
which may arise from limited attention, ambiguity among closely ranked alternatives, or intra-
expert inconsistency. To introduce controlled perturbations, each reported rank is modeled
as the mean of a Gaussian distribution, and a perturbed continuous rank is drawn as 7;jx ~
N(rijk, 02) and truncated to [1, R]. Three noise levels are considered, o € 1/3,1/2,2/3,
representing increasing perturbation intensity. By the empirical rule, 99.7% of mass lies
within three standard deviations, implying that sampled ranks fall within approximately £1,
+1.5, and £2 positions of the original rank with overwhelming probability, respectively. The
perturbation is propagated to decision weights without re-solving the lower-level preference
learning problem. Baseline reconstructed utilities, and thus w;;, across rank positions, are
held fixed, and perturbed alternative weights are obtained via linear interpolation. This design
isolates the effect of ranking noise in the upper-level mapping, avoids confounding from
re-estimated utilities, and captures realistic local rank swaps while preserving the ordinal
structure of elicited inputs. Results are presented in Fig. 7.

Figure 7(a) presents the distribution of aggregated alternative weights under three levels of
ranking noise, o € {1/3, 1/2,2/3}. Mean weights remain highly stable across perturbations.
The leading alternatives, A3 and AS5, consistently exhibit mean weights of approximately
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0.123-0.124, with standard deviations no greater than 0.002. Even at ¢ = 2/3, the 95%
confidence intervals are extremely narrow; for A3, the meanis 0.123 with a standard deviation
of 0.002. Most alternatives display standard deviations below 0.003. Although dispersion
increases modestly with o (e.g., for A4, from 0.002 at ¢ = 1/3 to 0.004 at 0 = 2/3),
overall variation remains limited. This stability arises because ranking noise affects only the
upper-level interpolation from ranks to weights over the fixed w;;, grid, while lower-level
utility reconstruction and normalization remain unchanged. Since wj j varies smoothly across
adjacent ranks and Gaussian perturbations induce primarily local shifts (typically within £1-
2 positions), weight adjustments are small and further attenuated through aggregation across
experts and attributes. Fig. 7(a) thus indicates strong numerical stability under moderate
ranking noise.

Figure 7(b) reports ranking statistics, further confirming structural robustness. A3 and
A5 consistently occupy the top two positions across all noise levels. At o = 1/3, their
mean ranks are 1.810 and 1.190, respectively, with standard deviations of 0.393; even at
o = 2/3, their mean ranks remain close to 1.675 and 1.325, and realized positions vary only
between ranks 1 and 2. A4 is fully stable at 0 = 1/3 (mean rank 8.000, standard deviation
0), indicating clear separation. As o increases, variability becomes more pronounced among
middle-ranked alternatives. For instance, A2’s rank standard deviation rises from 0.617 to
1.015, and its range expands from [4, 7] to [3, 8]; similar patterns hold for A6, A7, and AS.
This is consistent with the perturbation mechanism: alternatives with similar baseline weights
are more sensitive to small interpolated changes, leading to occasional local swaps, whereas
those separated by larger weight gaps exhibit strong persistence. Overall, ranking noise
induces primarily local reordering among adjacent middle alternatives while preserving the
global dominance structure. These results confirm that reconstructed utilities and normalized
aggregation govern outcomes in GOPA-RUE, and moderate ordinal noise yields limited
positional variation.

6 Concluding remarks

This study reexamines OPA from a structural perspective and establishes its equivalence
to a ROC-weight formulation, thereby clarifying the theoretical foundation of its rank-to-
weight transformation and decomposability. Building on this result, I propose GOPA, an
estimate-then-optimize bilevel framework that replaces fixed ROC utilities with endoge-
nously reconstructed marginal utilities derived from partial preference information. By
introducing minimum relative utility entropy as the lower-level estimator, GOPA-RUE flexi-
bly incorporates reference utility structures and moment-type preference constraints, admits
closed-form or semi-closed-form solutions, and remains computationally tractable. The
resulting weights decompose explicitly into rank-reciprocal components and reconstructed
utilities, offering a unified interpretation of OPA and its generalization. Sensitivity, ablation,
and perturbation analyses show that GOPA-RUE is locally responsive yet globally robust:
dominance structures remain stable under moderate noise, while nonlinear utility curvature
can be accommodated. The emergency supplier selection case further demonstrates applica-
bility in data-scarce and time-critical settings. Overall, the study advances ordinal decision
modeling by integrating rank-based weighting with entropy-based utility reconstruction,
providing a theoretically grounded and behaviorally flexible framework for decision making
under incomplete preference information.
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Several limitations suggest directions for future research. First, the study focuses on model
formulation and analysis and does not develop efficient procedures for eliciting reference util-
ity structures and moment-type preferences; advances in preference elicitation from finance
and behavioral economics may strengthen GOPA in this regard. Second, in large-scale deci-
sion contexts, expert preferences may be modeled as realizations of uncertain parameters.
Integrating machine learning, contextual optimization, and distributionally robust optimiza-
tion could offer a promising extension of the GOPA framework.

Appendix A: Technical Proofs
Appendix A.1: Proof of Proposition 1

Consider the inequality system of OPA-I after mapping the alternative index to the rank index
r:

thtsljr(a}ljr_wlj,r+1)7 r:l,...,R_l, (Ala)
Z = 1iSijr Wijr, r=R. (A.1b)

Taking the cumulative sum of the last r inequalities in Equation (A.1) yields

R
(Z ;) 2 < tisijijr. V(. j.r) €Y, (A2)
h=r

which coincides with the inequality constraints in OPA-II.

The feasible set of OPA-I is nonempty and compact, and the objective function is bounded
above. Hence, an optimal solution exists. Moreover, under #;s5;; > 0 for all (i, j,r) € Y,
Slater’s condition holds and the Karush-Kuhn-Tucker (KKT) conditions are both necessary
and sufficient for optimality.

At an optimal solution, all inequalities in Equation (A.1) must be active; otherwise, a
strictly larger objective value z could be achieved, contradicting optimality. Consequently,
the inequality systems Equations (A.1) and (A.2) are equivalent at optimality, establishing
the equivalence between OPA-I and OPA-II. Finally, since the active constraints together
with the normalization condition form a full-rank system, the optimal value is unique. 0O

Appendix A.2: Proof of Theorem 1

Let F = ujj(x) In (u;j(x)/vij (x)), Go = u;j(x), and Gp,; = ¢ (X)u;j(x) forall b;j € Bjj.
Define the auxiliary functional as follows:

R
J* =/ F + 2Go + Z A Gp,;dx
0 bl‘jEBij

R ..
:/0 uij(x)ln<ul](X)>-‘r-)u()uij(x)-i- Z )»hijthij(x)uij(x)dx,

vij ()C) bijeB;;j

with the Euler equation:

In <u,-j(x)> + 1421+ Z Abi; @by (x) = 0.

Vii (X
i () bijeBij
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Rearranging the Euler equation provides the optimal solution to the minimum relative
utility entropy:
—1-2— Ay b (x
uf; (x) = vjj(x)e 0= Ly My P «
which gives the results in Theorem 1. Note that ¢, is a step function with jumps at r,; for
all ¢;; € C;; related to the partial preference constraints of deterministic utility comparisons
in GOPA. Thus, ufj is a piecewise function with breakpoints at Feij for all ¢;; € C;;. O

Appendix A.3: Proof of Corollary 1

Corollary 1 follows directly from Theorem 1. O

Appendix A.4: Proof of Proposition 2

Solving the Euler-Lagrange operators involves substituting the optimal marginal utility den-
sity function in Theorem 1 into the constraints of the lower-level problem of GOPA-RUE. It
is easy to verify that the system of equations is full rank with dimensions B;; + 1.
For any (i, j) € X, define the utility increment as
Tepi Teji—1 IRV o Tejj
AU... = / ! u(x)dx — / ! u(x)dx =e 1=P0=2 e by O (i) / ! vij(x)dx, Vcij € Cij,
0 0

cij
Tejj—1

and AU;; = (AUy, ..., AUcij)T, dependent on (Xg, A). The marginal utility functions can
be rewritten with the utility increments as
x Cij B
Uijx)= > u@dx + Y AUy | 1x € (rey-1.rq,1} . VG ) € X
¢;j€Cij Tejj=1 c,fj =1

Define .
AV, =/ 7 vj(0dx,

rL'ij—l

717}‘072#»584-)‘b-"pb--(VC")
gci/_ =e ij €Bij TP TR AT

forall ¢;; € Cjj and (i, j) € X. Let g;; = (g1, ..., gc;;)" and

AV
AVij = .
AVc,;
Then, we have the vector of utility increments AU;;:
AU;j = AVi;g;;,

where AV;; is the vector of known parameters and g; ; is the vector of variables to be solved,
consisting of Euler-Lagrange operators.
Next, we construct the coefficient matrix for the constraints. Recall that ¢p,;(x) =
l(Ovrbi,’](x) — al(O,rh/”](x) for all (i, ]) € .)E and b,‘j € Bij. Define
iy

B, = (1{r; € (1. +00)} ... 1{ny; € (. +oo)',
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and ﬂij =(B1,..., ﬂgij, DT. The coefficient matrix for the constraints is
T
\I’lj = (V’l’ ctt 'l,Bij’ e) ’

where wb,]_ = (Zh-, — q_bb(_ and e is a C;j-dimensional vector of all ones for all (i, j) € X.
1 1 ij
Thus, we need to solve the following system of equations:
VijAViigii = Bij-

Thus, using the indicator function, the optimal marginal utility density function is given

by
i) = Y g vij(){x € (1,1}
cij€Cij

which yields the results in Proposition 2. O

Appendix A.5: Proof of Lemma 1

Fix any (i, j) € X. Recall from Proposition 2 that
Aij = VijAVjj,

where AV;; is a diagonal matrix with strictly positive diagonal elements and ¥;; <
RBij+DxCij is constructed from the elicited deterministic comparisons together with the
normalization constraint.

We first note that AV;; is nonsingular. Hence,

rank(A;;) = rank(¥;; AV;;) = rank(¥;;),

and it suffices to show that W;; has full column rank.

Under the preference elicitation strategy specified in Section 4.2.2, the breakpoint set is
induced incrementally from the elicited comparisons. The first comparison may introduce
two breakpoints, while each subsequent comparison introduces at most one new breakpoint.
As a result, the number of induced segments satisfies C;; < B;; + 1, so that ¥;; has at
least as many rows as columns. Moreover, each newly introduced breakpoint is associated
with at least one comparison whose other endpoint belongs to the existing breakpoint set.
Consequently, each new column of ¥;; corresponding to an induced segment contributes a
linearly independent direction relative to the previously constructed columns. Together with
the normalization row, this incremental construction ensures that no column of ¥;; can be
expressed as a linear combination of the others.

Therefore, ¥;; has full column rank, i.e., rank(¥;;) = C;;. It follows that

rank(A,-j) = Cij.

Since A;; has full column rank, the Gram matrix A}; A;; is symmetric positive definite and
hence nonsingular, which gives the results in Lemma 1. O

Appendix A.6: Proof of Proposition 3
Fix any (i, j) € X and consider the unconstrained regularized least-squares problem:

1 2 A 2
ey 2 |Aijgi; — By 15+ 2 &l
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The objective function is continuously differentiable and strictly convex in g;;. Hence, the
problem admits a unique global minimizer, which is characterized by the first-order optimality
condition.

Taking the gradient of the objective function with respect to g;; yields

.
Ve, = Aj; (Aijgij — Bij) +18ij-

Setting the gradient equal to zero gives the normal equation:
T T
(Aiinj + AI) gij = A;;Bi;-

By Lemma 1, A;; has full column rank, which implies that A;rin j 1s symmetric positive

definite. Since A > 0, the matrix Asz A;j+Al is also symmetric positive definite and therefore
nonsingular. Consequently, the normal equation admits a unique solution given by

-1
g = (A,TjA,-j +u) AL By

This solution is the unique global minimizer of the regularized least-squares problem,
which gives the results in Proposition 3. O

Appendix A.7: Proof of Corollary 2

For any (i, j) € X, taking the logarithm of the optimal marginal utility density function in
Theorem 1 over the breakpoint interval (7, i1 rq‘/.] yields

ln(ul*j(x)) = ln(vij(x)) —-1- }"0 - Z )"bi_i(ﬁbi_i (.X), X € (rc,'_,'—l» rc,'_,']s Vcij € Cijv
bijEBij

where ¢y, ; (x) is a step function, composed of indicator functions.

By Arrow-Pratt’s definition of the risk preference function, we obtain the risk prefer-
ence function for the optimal marginal utility density function with minimum relative utility
entropy within each breakpoint interval:

d d
nij(x) = _aln(u;kj(x)) = _aln(vij(x))7 x € (rej—1,re; 1, Veij € Cij,
which is aligned with the risk preference of the reference utility density function over each
interval.

We can further express the risk preference function of the lower-level problem of GOPA-
RUE using indicator functions as

d
)= > —aln(v(x))>1{xe(rcl.j_l,rcij]}, Vx € (0, R].

cij€Cij
which gives the results in Corollary 2. O
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Appendix A.8: Proof of Theorem 2

Let Ao € Rand A € RY. By applying the Lagrange multiplier method, we obtain

i€l jeJreR i€l jeJreR

L(z, @, 20, A) = 2+ Ao (1 =33 w,-jr) YN hijr (RUi"}rz —t,-sl»ja;ijr),
=Xy + (1 +RZ Z Z ijr ,jr) z—Z Z Z (ho + tisijAijr) Wijr

i€eZ jeJreR ieZ jeJreR
where the constraints U:;r = 0R7r+l uf/. (x)dx for all (i, j,r) € Y are not considered

because they contain no variables. The upper-level problem of GOPA-RUE is a typical
linear optimization problem with the coefficient matrix being full rank. This implies that
any set of solutions meeting the KKT condition is an optimal solution and it is unique. Let
(z*, w*, Aj, A*) represent the optimal solution. The KKT condition is as follows:

VoL W% A5 A =1+ RY YY" U hijr =0, (A.3a)
i€l jeJreR
Vw,,,L(Z w* )‘-07)"*)_)"0_'—11‘91] l]r_O V(i7j7r) e)i, (A3b)
hijr (RUZ, 2 = tisijiy, ) =0, Vi, j.r eV, (Ao
RU5, 2% — tisijw}, <0, Vi, j,r) ey, (A3d)
=2 > = (A3e)
ieZ jeJreR
Aijr =0, Y@i,j.r)eY. (A3f)

Let all constraints in Equation (A.3d) be active and substitute them into Equation (A.3e).

Then we have
)P BP Bl

tis
i€eZ jeJreR i5ij
and RU* 2*
r . .
wy, = #, Y, j,r) €.
1i5ij

Itis straightforward to verify that Equations (A.3a), (A.3b), (A.3c), and (A.3f) are satisfied.
Hence, rearranging the above equations yields the optimal solutions in Theorem 2. O

Appendix A.9: Proof of Corollary 3

Given the optimal GOPA-RUE weights in Theorem 2 and

—1

r=(oy X

;s
i€l jeJ 1oL
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forany (i, j,r) € Y, we have

* Sk * * *
. RUjz RUWZ " 1 Ty ) = wRRRR (o
Wijr = fisis 1S S = Yijr | = Wy wSij Sk ijr )
i5ij i \Z) 7 s Yoo Yjeq iy \Z z

Sij

Let wMRU — 7* “U¥ . We have:

ijr ijre
*
MRU _ RUW _
wljr ljr IS o~ - 1'
i€l jeJreR i€l jeJreR zeI]eJ ij i€l jeJreR fi ij
MRU MRU * — _
Furthermore, it is clear that Wi, > W since Ul]r > Uur+1 forr=1,...,R—1
and (i, j) € X. O

Appendix A.10: Proof of Theorem 3

Let (A(’g, A*) denote the dual optimal solution, i.e.,

As A%) = argmin X,
(Ap, A7) gko{xo

s.t. tisijhijr < Ao, V@i, j,r)ely,
22 2 RUG iy =1,
ieZ jeJreR
)L,'jrzo, V(i,j,r)ey.

Assume that (z, w) is feasible for the constraint perturbation problem. By strong duality,
we have

ce et (1o Y |+ 030 3k (wss kU2

i€ jeJreR i€l jeJreR
> Ap AR e
> 7+ A€ + ijréijr
i€eZ jeJreR

where the lastinequality follows from the constraints in the perturbation problem and Aj} ,=>0
forall (i, j,r) € V.
For any feasible z in the perturbation problem, we have

* * *

i€l jeJreR

(e, €) < 7F — e — Z Z Z Ajr&ijr-

i€l jeJreR

which implies

Letojjr = R U +Aijr forall (i, j,r) € Y. Following the symmetric arguments as in the
proof of Theorem 2 we obtain

-l xiE) --

Si
i€Z jeJreR li ij
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and RU™ 3%
A A
ijr’™0 0 ..
oy =——— &\, =——, Vi, jr) e
1;Sij 1;Sij
Thus, we have
Eijr
e ) < —Ept =Y Y Y e,
ieT jegrer Y
Eijr
=\t - 2 ]
X N 97
ieZ jeJreR
which provides the upper bound in Theorem 3. O

Appendix A.11: Proof of Corollary 4

Let 7j; = t;5;; + ojj forall (i, j) € X and Wijr = U;;.r + 8;j, forall (i, j,r) € Y. Using
symmetric arguments as in the proof of Theorem 2, we derive
-1
Rusijr
* —_—
Sl DIDID DLl I

i€l jegrerR Y

and R .
_ ijr< ..
b= SRUTE L) e V.
Tij
Substituting the expressions for 7;; and j;;, leads to the results in Corollary 4. O
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